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CLASSES OF WEIERSTRASS POINTS ON GENUS 2 CURVES
RENZO CAVALIERI AND NICOLA TARASCA
Abstract. We study the codimension n locus of curves of genus 2 with n distinct marked
Weierstrass points inside the moduli space of genus 2, n-pointed curves, for n ≤ 6. We give a
recursive description of the classes of the closure of these loci inside the moduli space of stable
curves. For n ≤ 4, we express these classes using a generating function over stable graphs
indexing the boundary strata of moduli spaces of pointed stable curves. Similarly, we express
the closure of these classes inside the moduli space of curves of compact type for all n. This
is a first step in the study of the structure of hyperelliptic classes in all genera.
A classical way to construct subvarieties of moduli spaces of curves is to consider families of
curves admitting a map of a fixed degree d to a rational curve. Loci of all such d-gonal curves
are often referred to as Hurwitz loci.
Faber and Pandharipande ([FP]) use localization on moduli spaces of stable maps to exhibit
the classes of the closure of Hurwitz loci as elements of the tautological ring. Producing explicit
closed formulas is in general an open problem.
The algebra of the boundary strata of moduli spaces of stable pointed curves has been re-
cently studied and used to produce relations in the tautological ring and an explicit description
for certain infinite families of classes ([PPZ1], [JPPZ], [MOP+], [PPZ2]). In particular, a col-
lection of classes for all genera satisfying the axioms of a semi-simple cohomological field theory
can be reconstructed from some initial conditions, and explicit expressions can be obtained as
sums of decorated stable graphs representing boundary strata classes.
In this paper we study the loci Hyp2,n of genus 2 curves with n marked Weierstrass points.
These loci are irreducible of codimension n inside the moduli space of genus 2, n-pointed curves
M2,n, and their closures may be studied as (a multiple of) the image of the natural forgetful
morphism from a space of admissible covers. When non-empty, the class
[
Hyp2,n
]
spans an
extremal ray of the cone of effective classes of codimension n on M2,n ([CT]). Hence, an
explicit expression for
[
Hyp2,n
]
in terms of the standard generators of the tautological ring
gives us a bound on all effective classes of codimension n on M2,n.
More in general, one would like to consider loci of hyperelliptic curves with marked Weier-
strass points and hyperelliptic conjugate pairs. These classes exhibit a structure which is
similar to that of a semi-simple cohomological field theory; hence one would like to express
hyperelliptic classes via graph formulas: sums of decorated stable graphs, such that the deco-
rations are assigned in a uniform way for all graphs. Such graph formulas are desirable, since
they are compact, programmable, and they do not require choosing a basis for the tautological
groups. It is not clear that hyperelliptic classes admit an expression of this type in general.
We focus here on the classes of the loci Hyp2,n, which are the first non-trivial examples of
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hyperelliptic classes. We now outline the main results of this article: a graph formula for the
class of the closure of Hyp2,n inside the moduli space of curves of compact type M
ct
2,n (for
all n), and for the class of the closure Hyp2,n in M2,n (for n ≤ 4). We refer the reader who is
not familiar with tautological classes to §1 for the necessary notation.
0.1. Graph formula in compact type. To study the class
[
Hyp2,n
]
, we realize the lo-
cus Hyp2,n as a component of the intersection of pi
∗
n
(
Hyp2,n−1
)
and ρ∗n
(
Hyp2,1
)
. Here,
pin : Mg,n → Mg,n−1 is the map forgetting the n-th marked point, and ρn : Mg,n → Mg,1
is the map forgetting all but the n-th marked point. After analyzing all components of such
intersection, we obtain a recursive description of the class
[
Hyp2,n
]
(see Proposition 1). This
approach has been used in [CT] in the case n ≤ 3.
As we intersect the locus pi∗n
(
Hyp2,n−1
)
with the divisor ρ∗n
(
Hyp2,1
)
, we do not realize
an excess intersection along any of the components of the intersection. While this simplifies
the study of the intersection, we pay a price by breaking the symmetry among the marked
points. As a result, the outcome of the recursive description is an expression for
[
Hyp2,n
]
not
symmetric in the marked points.
To obtain a symmetric expression, one can use relations in the tautological ring, and thus
add a contribution which is trivial modulo rational equivalence. To symmetrize the class of
the closure of Hyp2,n in M
ct
2,n, we use some manipulations on rational trees (§4) to obtain the
following result.
Theorem 1. For n ≤ 6, the class of the closure of Hyp2,n in M
ct
2,n is the degree n component
of the following class:
∑
Γ∈Gct2,n
1
|Aut(Γ)|
ξΓ∗
 n∑
j=0
j!
 n∏
i=1
(1 + 3ωi)
∏
v∈V (Γ)
e−tλ
∏
e=(h,h′)∈E1(Γ)
1− et(ψh+ψh′ )
ψh + ψh′
∏
e=(h,h′)∈E2(Γ)
1
ψh − (1 + 3ωh′)

tj
 .
In this formula, Gct2,n denotes the set of isomorphism classes of trees dual to genus 2, n-
pointed curves of compact type. For a graph Γ, V (Γ) is the vertex set of Γ; E1(Γ) and E2(Γ)
partition the set of edges into those that separate two subgraphs of genus 1, and those that
separate a rational tree from a subgraph of genus 2; (h, h′) denotes the pair of half-edges that
form a given edge e. For e ∈ E2(Γ), the formula is not symmetric in (h, h
′): we define h to
be the half-edge that points towards the subgraph of genus 2, and h′ the half-edge that points
outward. We refer the reader to §1 for further details on tautological classes and decorated
graphs.
The proof of Theorem 1 remains valid also when n > 6: the degree n component of the
class in the statement represents the class of an empty locus when n > 6, hence vanishes in
the tautological ring of Mct2,n.
0.2. Formulas beyond compact type. It is more challenging to symmetrize the formula
beyond compact type for all n ≤ 6 by using tautological relations. We achieve this for n ≤ 4
in §6 by using relations in the tautological ring of moduli spaces of rational curves, and an
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identity for divisor classes on moduli spaces of elliptic curves. The resulting expression is equal
to the one in Theorem 1, provided we extend the sum over a larger set of graphs.
We define G˜2,n as the set of isomorphism classes of stable graphs Γ with the following
properties (see Figure 1):
i) Γ has no loops of length one;
ii) if Γ has 3 non-disconnecting edges, then Γ has at least 3 vertices adjacent to those
edges;
iii) if a vertex v of Γ is adjacent to a non-disconnecting edge and is not connected to an
elliptic vertex via a path of disconnecting edges, then either v is not trivalent and
rational at the same time, or v is adjacent to a vertex not trivalent and rational at the
same time;
iv) if a rational vertex v of Γ is adjacent to a non-disconnecting edge, then v is not adjacent
to two external, trivalent, rational vertices.
In particular, G˜2,n contains the set of graphs of compact type G
ct
2,n.
1
1
3
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1
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1
1
1
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3
Figure 1. Examples of graphs ruled out by the conditions i–iv defining G˜2,n.
The first two graphs violate respectively i and ii; the third through the sixth
graphs are ruled out by iii, and the last graph by iv.
Theorem 2. For n ≤ 4, the class of the closure of Hyp2,n in M2,n is the degree n component
of the following class:
∑
Γ∈G˜2,n
(−1)h
1(Γ)
|Aut(Γ)|
ξΓ∗
 n∑
j=0
j!
 n∏
i=1
(1 + 3ωi)
∏
v∈V (Γ)
e−tλ
∏
e=(h,h′)∈E1(Γ)
1− et(ψh+ψh′ )
ψh + ψh′
∏
e=(h,h′)∈E2(Γ)
1
ψh − (1 + 3ωh′)

tj
 .
The graphs of non-compact type in G˜2,n and their contributions are explicitly described
in §6.2. We provide an explicit expression in the case n = 5 in §6.2. At the current stage
we have not been able to fully symmetrize this expression using tautological relations. Also
for n = 6, the recursive description in §2 together with Theorem 3 and the analysis in §6
produce an explicit expression for the class
[
Hyp2,6
]
, although not an immediately symmetric
one. Symmetrizing these expressions by using tautological relations is a possible approach also
for n = 5, 6, although a laborious one. We expect that a more conceptual understanding of
the structure of these classes would be a better avenue to obtain symmetric expressions. In
particular, we pose the question of whether the symmetric expression in Theorem 2 could hold
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for all n ≤ 6 for an appropriate definition of the set G˜2,n — possibly distinct than the one
given above when n = 5, 6.
Many of our manipulations on graph formulas for classes on moduli spaces of curves do not
require the genus to be 2 (see for instance §3 and §4). We envision that our approach could
help more generally find the structure of hyperelliptic classes for arbitrary genera.
Acknowledgements. This project started during the program Combinatorial Algebraic Geom-
etry at the Fields Institute. We would like to thank the organizers and the institute for the
excellent working environment. We would also like to thank Dawei Chen and Diane Maclagan
for helpful discussions, and Nicola Pagani for showing us how to draw stable graphs with the
package tikz.
1. Background and Notation
1.1. Stable graphs and strata classes. We recall here some of the standard notation for
dual graphs of curves; a more comprehensive description can be found, for instance, in [PPZ1].
Let Grtg,n (respectively G
ct
g,n, or Gg,n) be the set of isomorphism classes of graphs dual to
curves with rational tails (respectively curves of compact type, or stable curves) of genus g
with n marked points.
Given a stable graph Γ, let V (Γ) be the set of vertices, endowed with a genus function
g : V (Γ)→ Z≥0 and a valence function n : V (Γ)→ Z≥0 mapping a vertex v to the valence of Γ
at v; let L(Γ) be the set of legs, endowed with a bijection to a set of markings; let H(Γ) be the
set of half-edges, and F (Γ) = L(Γ) ∪H(Γ) be the set of flags of Γ; for g/2 ≤ i ≤ g, let Ei(Γ)
denote the set of edges connecting a graph of genus i and a graph of genus g − i; the genus of
Γ is defined as
∑
v∈V (Γ) g(v) + h
1(Γ).
A stable graph Γ identifies a boundary stratum equal to the image of the degree |Aut(Γ)|
glueing map
ξΓ :
∏
v∈V (Γ)
Mg(v),n(v) =:MΓ −→Mg,n.
We also use the following forgetful maps. Let pii : Mg,n →Mg,[n]\{i} ∼=Mg,n−1 be the map
forgetting the i-th marked point, and ρi : Mg,n → Mg,{i} ∼= Mg,1 be the map forgetting all
but the i-th marked point.
1.2. Divisor classes and decorations. Let λ be the first Chern class of the Hodge bundle
onMg,n, and let δi be the class of the union of the boundary strata of curves with a component
of genus i meeting transversally a component of genus g − i, for 0 ≤ i ≤ g. We denote by δ
the class of the boundary of Mg,n, i.e. δ =
∑
i δi. The class ψi is the first Chern class of the
cotangent line at the i-th marked point, for i = 1, . . . , n. We define ωi := ρ
∗
i (ψ), where ψ is
the ψ-class on Mg,{i}, for i = 1, . . . , n.
Given a stable graph Γ and a flag h ∈ F (Γ), let ψh ∈ A
1(MΓ) be the ψ-class at the
corresponding marked point, if h is a leg, or at the shadow 1 of the node corresponding to h,
if h is a half-edge.
1Given a node n ∈ C, we call shadows of n the two inverse images of n in the normalization map ν : C˜ → C.
Shadows of nodes of C are naturally in bijection with half-edges of the dual graph of C.
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The following notation is motivated by the pull-back of the class ωi via the glueing morphisms
ξΓ ([BC, Lemma 1.9]). For a stable graph Γ, let C(Γ) denote the minimum connected genus g
subgraph of Γ (C(Γ) is topologically equivalent to the stable graph obtained after forgetting
all the legs of Γ, and it may have fewer vertices). Denote by F out(Γ) ⊂ F (Γ) the subset of flags
of Γr C(Γ) that point outward: i.e. a flag h belongs to F out(Γ) if and only if the vertex that
it is adjacent to belongs to a connected subgraph of Γr {h} containing C(Γ). The function
w : F out(Γ)→ F out(Γ)
maps h ∈ F out(Γ) to the flag w(h) in the same connected component of ΓrC(Γ) and adjacent
to C(Γ). All outward pointing flags attached to the same maximal external, rational subgraph
have equal image under w (see Figure 2).
Γ = 2
2
1
3
4
h
Figure 2. The core C(Γ) consists of the vertex of genus 2. The graph has one
maximal external tree with seven outward pointing flags: the four legs and the
the three thickened half-egdes. All outward pointing flags are mapped via w to
the half-edge labelled h.
Given h ∈ F out(Γ), let ωh := ωw(h) ∈ A
1(MΓ) be the ω-class corresponding to the flag
w(h). In particular, given i ∈ L(Γ) with i ∈ w−1(h), the class ωh is the pull-back of the class
ωi ∈ A
1(Mg,n) via ξΓ.
1.3. Decorated graphs. Throughout, we write a stable graph Γ decorated with a monomial∏
h∈F (Γ) ψ
kh
h as a shorthand for the push-forward ξΓ∗
(∏
h∈F (Γ) ψ
kh
h
)
. For convenience, rational
vertices are contracted to points.
We use the following convention on labelling graphs: a graph with some markings omitted
stands for the sum of the non-isomorphic graphs obtained by assigning the remaining markings
in all possible ways, as illustrated in Figure 3.
1
4
:= 1
2
4
1
3
+ 1
1
4
2
3
+ 1
1
4
3
2
.
Figure 3. The convention for interpreting partially labeled dual graphs.
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2. A recursive formula
In this section we deduce a recursion that determines the class of Hyp2,n by studying the
intersection of pi∗n
(
Hyp2,n−1
)
and ρ∗n
(
Hyp2,1
)
. In order to describe the components of the
intersection, we introduce the following notation for some effective classes of codimension n in
An(M2,n):
Φi : For 1 ≤ i ≤ n − 1, we denote by Φi the class of the closure of the locus of curves
with an elliptic component meeting in two points x and y a rational component such
that the marked points pi and pn are on the rational component and the remaining
marked points pk are on the elliptic component; we further require that the condition
2pk ∼ x+ y is satisfied for all k ∈ {i, n}
c.
Γi,j: For 1 ≤ i < j ≤ n−1, we denote by Γi,j the class of the closure of the locus of curves
with an elliptic component meeting in two points x and y a rational component such
that the marked points pi, pj and pn are on the rational component and the remaining
marked points pk are on the elliptic component; we also require the following divisorial
conditions to be satisfied:
• 2pi, 2pj, and x+ y are in the same pencil of degree two;
• 2pk ∼ x+ y for all k ∈ {i, j, n}
c.
Recall the maps pii : Mg,n → Mg,n−1 and ρi : Mg,n → Mg,1, for i = 1, . . . , n, defined in
§1.1. Let σi : Mg,n−1 →Mg,n be the i-th section, for i = 1, . . . , n− 1. The image of σi is the
boundary divisor of curves with a rational tail containing solely the marked points pi and pn.
Proposition 1. For 2 ≤ n ≤ 6, one has the following equality in An(M2,n)
pi∗n
(
Hyp2,n−1
)
· ρ∗n
(
Hyp2,1
)
≡ Hyp2,n +
n−1∑
i=1
σi∗
(
Hyp2,n−1
)
+
n−1∑
i=1
Φi +
∑
1≤i<j≤n−1
Γi,j.
Proof. The cases n = 2, 3 were established in [CT]. We prove the statement for 4 ≤ n ≤ 6 by
induction. The intersection of pi∗n
(
Hyp2,n−1
)
and ρ∗n
(
Hyp2,1
)
consists of curves (C, p1, . . . , pn)
stably equivalent to a curve with an admissible double cover ramified at p1, . . . , pn−1 and with
a possibly different double cover ramified at pn. By definition, the component Hyp2,n consists
of curves which, up to stable equivalence, have a single admissible double cover ramified at
all marked points. The component σi∗
(
Hyp2,n−1
)
corresponds to the case when the point pn
coincides with the point pi, for 1 ≤ i ≤ n − 1. The classes Φi (resp. Γi,j) are supported on
curves stably equivalent to curves having two distinct admissible double covers: one ramified
at the first n−1 marked points, and one ramified at all marks except the point pi (resp. except
the points pi, pj). Finally, one checks that there are no other components of codimension n in
this intersection. Note that the left-hand side of the formula in the statement is symmetric
with respect to the first n− 1 marked points. It follows that we have
pi∗n
(
Hyp2,n−1
)
· ρ∗n
(
Hyp2,1
)
≡ aHyp2,n + b
n−1∑
i=1
σi∗
(
Hyp2,n−1
)
+ c
n−1∑
i=1
Φi + d
∑
1≤i<j≤n−1
Γi,j
(1)
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for some coefficients a, b, c, d. Forgetting the (n− 1)-th marked point, and then relabeling the
mark pn as pn−1, we obtain
2
pin−1∗
(
pi∗n
(
Hyp2,n−1
)
· ρ∗n
(
Hyp2,1
))
= (6− (n− 2))pi∗n−1
(
Hyp2,n−2
)
· ρ∗n−1
(
Hyp2,1
)
,
pin−1∗
(
Hyp2,n
)
= (6− (n− 1))Hyp2,n−1,
pin−1∗
(
σi∗
(
Hyp2,n−1
))
= (6− (n− 2))σi∗
(
Hyp2,n−2
)
for i < n− 1,
pin−1∗
(
σn−1∗
(
Hyp2,n−1
))
= Hyp2,n−1,
pin−1∗ (Φi) = (4− (n− 2) + 1)Φi for i < n− 1,
pin−1∗ (Φn−1) = 0,
pin−1∗ (Γi,j) = (4− (n− 3) + 1)Γi,j for j < n− 1,
pin−1∗ (Γi,n−1) = Φi.
(2)
Applying pin−1∗ to (1), one obtains:
(3) (8− n)pi∗n−1
(
Hyp2,n−2
)
· ρ∗n−1
(
Hyp2,1
)
≡ (a(7− n) + b)Hyp2,n−1
+ b(8− n)
n−2∑
i=1
σi∗
(
Hyp2,n−2
)
+ (c(7− n) + d)
n−2∑
i=1
Φi + d(8− n)
∑
1≤i<j≤n−2
Γi,j.
The inductive hypothesis gives another expression for the left-hand side of (3) as a linear
combination of the four classes on the right-hand side (3), with all coefficients equal (8−n). One
may show that these classes are numerically independent, for example by exhibiting four classes
of complementary degree that produce an upper diagonal matrix of intersection numbers.
Setting the coefficients of the two linear combinations to agree, we deduce that a = b = c =
d = 1, and the statement follows. 
An expression for the sum of the classes Φi and Γi,j is obtained in Theorem 3.
3. Products of divisor classes
In this section, we study explicit formulas for certain products of divisor classes on moduli
spaces of curves. Consider a divisor class in Pic(Mg,n) of the form
D =
n∑
i=1
aiψi + cλ− bδ
for some coefficients a, c, and b. The following formula expresses powers of D as a sum over
graphs. The formula appeared in the study of double ramification classes in [JPPZ]. Pixton’s
formula for the exponential of divisor classes is
eD =
∑
Γ∈Gg,n
1
|Aut(Γ)|
ξΓ∗
 n∏
i=1
eaiψi
∏
v∈V (Γ)
ecλ
∏
e=(h,h′)∈E(Γ)
1− eb(ψh+ψh′ )
ψh + ψh′
 .(4)
2 The relabeling of the point pn prevents notation to become overly cumbersome, although it introduces a
minor abuse of notation: the symbol pin−1 denotes two different maps on the opposite sides of (2). On the
left-hand side pin−1 : M2,n →M2,n−1, whereas on the right-hand side pin−1 : M2,n−1 →M2,n−2.
8 RENZO CAVALIERI AND NICOLA TARASCA
In the next proposition, we apply (4) to solve a similar problem. Recall the maps ρi : Mg,n →
Mg,1, for i = 1, . . . , n, defined in §1.1. Denote by G
nrt
g,n ⊂ G
ct
g,n the subset of isomorphism classes
of graphs of compact type with no rational tails.
Proposition 2. Consider a divisor class in Pic(Mctg,1) with g ≥ 1 of the form
F = aψ + cλ− bδ
for some coefficients a, c, and b. The product
ρ∗1(F ) · · · ρ
∗
n(F )(5)
in An(Mctg,n) coincides with the degree n component of the following class∑
Γ∈Gnrtg,n
1
|Aut(Γ)|
ξΓ∗
 n∑
j=0
j!
 n∏
i=1
(1 + aωi)
∏
v∈V (Γ)
ectλ
∏
(h,h′)∈E(Γ)
1− ebt(ψh+ψh′ )
ψh + ψh′

tj
 .
Proof. For i = 1, . . . , n, one has ρ∗i (ψ) = ωi, ρ
∗
i (λ) = λ and ρ
∗
i (δ) = δ
nrt, where δnrt denotes
the sum of classes of all boundary divisors of curves whose dual graphs have two vertices both
of positive genus. Let B := cλ− bδnrt ∈ Pic(Mctg,n). We can rewrite (5) as
n∏
i=1
(aωi +B) =
n∑
j=0
en−j(aω1, . . . , aωn) · B
j,
where ei is the elementary symmetric polynomial of degree i. We compute the powers B
j by
some minor adaptations of formula (4): first of all, since B contains no rational tails, no term
in any power of B needs to be supported on a graph with rational tails. Hence we restrict our
summation to the classes of graphs in Gnrtg,n . Second, since we are interested in just the power
Bj, we weight the degree j part of (4) by j!. The statement of the proposition follows. 
4. Combinatorial formulas on moduli spaces of rational curves
In this section we collect some formulas on M0,n+1 that will help us organize the rational
tails in the computation of the class of genus 2 curves with marked, distinct Weierstrass points.
We separate them in an independent section, as they follow from elementary combinatorics
of trees. Recall that a stable tree is a tree that arises as the dual graph of a stable rational
pointed curve. Combinatorially, this means that all vertices are at least trivalent.
Denote by G0,n+1 the set of stable trees with n+1 labeled leaves. For T ∈ G0,n+1, let V (T )
denote the set of vertices, and E(T ) the set of edges of T .
Lemma 1. One has ∑
T∈G0,n+1
(−1)|E(T )| = (−1)n(n− 1)!.(6)
Proof. After verifying the formula for n = 2 by direct inspection, assume it holds for n.
Consider the forgetful morphism piGn+1 : G0,n+1 → G0,n, which forgets the (n + 1)-st leaf, and
stabilizes the resulting tree, if necessary. For a tree T ∈ G0,n, any graph in the inverse image
(piGn+1)
−1(T ) is obtained by attaching the (n+ 1)-st leaf at a vertex, or at an internal point of
an edge or leaf of T . In the last two cases, a new compact edge and a new vertex are formed
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in the process. As a result, we have the following equality among formal linear combinations
of graphs in G0,n
(7)
∑
T∈G0,n+1
(−1)|E(T )|piGn+1(T ) =
∑
T ′∈G0,n
(−1)|E(T
′)|
(
|V (T ′)| − |E(T ′)| − n
)
T ′.
Formula (6) follows by observing |V (T ′)| − |E(T ′)| = 1, and evaluating the above equality via
the linearly-extended constant function G0,n → {1}. 
Remark 1. Formula (6) may be interpreted as the Euler characteristic of Mtrop0,n+1, the moduli
space of tropical (n + 1)-pointed rational curves ([Pay]). There is also a striking similarity to
the formula for the Euler characteristic of the uncompactified moduli space of pointed rational
curves χ(M0,n+2) = (−1)
n−1(n − 1)!; we are not aware of any direct geometric relationship
between these two quantities.
We relabel the (n + 1)-st leaf as r, and view G0,n+1 as the set of stable, rooted trees with
the leaf r identifying the root vertex, and n additional leaves. For i = 1, . . . , n − 1, we denote
by σGi : G0,n → G0,n+1 the function that attaches the leaf n to an internal point of the leaf i,
thus creating a new edge and a new external, trivalent vertex incident to the leaves i and n.
We denote
Gne0,n+1 := G0,n+1 r
n−1⋃
i=1
σGi (G0,n),
i.e. the set of stable rational trees such that the leg n is not incident to a non-root, external
trivalent rational vertex.
Lemma 2. For n ≥ 3, one has ∑
T∈Gne0,n+1
(−1)|E(T )| = 0.
Proof. The set Gne0,n+1 is the complement in G0,n+1 of the disjoint union
⋃n−1
i=1 σ
G
i (G0,n), and
the functions σGi are injective. Recalling that σ
G
i (T ) has one more edge than T , we obtain that∑
T∈G0,n+1
(−1)|E(T )| =
∑
T∈Gne0,n+1
(−1)|E(T )| − (n− 1)
∑
T∈G0,n
(−1)|E(T )|.
The statement thus follows from (6). 
Given a tree T in Gne0,n+1, every non-root vertex v has a unique half-edge h(v) directed
towards the root, i.e. incident to a half-edge of a connected subtree containing the root. For
the root vertex, we define h(v) = r. We have thus defined a function
h : V (T )→ F (T ).
The next lemma is an immediate geometric reformulation of Lemma 2. Let M0,n+1 be the
moduli space of stable (n+ 1)-pointed rational curves (R, p1, . . . , pn, pr).
Lemma 3. One has ∑
T∈Gne0,n+1
∫
M0,n+1
ξT ∗
 ∏
v∈V (T )
1
ψh(v) − 1
 = 0.
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Proof. From the string equation, one has∫
M0,m
1
ψi − 1
= −
∫
M0,m
ψm−3i = −1,
for all classes ψi on M0,m. This implies∫
M0,n+1
ξT ∗
 ∏
v∈V (T )
1
ψh(v) − 1
 = ξT ∗
 ∏
v∈V (T )
∫
M0,val(v)
1
ψh(v) − 1

= (−1)|V (T )| = (−1)|E(T )|+1
for each T . The statement thus follows from Lemma 2. 
We will need the following extension of Lemma 3. Recall the forgetful map pin : M0,n+1 →
M0,n.
Lemma 4. In A∗(M0,n+1), one has
(8) pi∗n
 ∑
T∈G0,n
ξT ∗
 ∏
v∈V (T )
1
ψh(v) − 1
 = ∑
T∈Gne0,n+1
ξT ∗
 ∏
v∈V (T )
1
ψh(v) − 1
 .
Proof. Since pin has one-dimensional fibers, the left-hand side of (8) is a sum of positive di-
mensional classes. On the right-hand side, the term of maximal degree vanishes by Lemma 3.
Therefore (8) holds in degree n− 2.
For the remaining terms, we will prove (8) in three steps: the first is to observe that the
left-hand side expands to a sum of trees T ∈ Gne0,n+1 decorated with powers of ψ classes on
half-edges of type h(v) for some v, i.e. the type of summands on the right-hand side of (8).
Second, we apply Lemma 3 “locally” to identify other groups of terms on the right-hand side
of (8) with vanishing contributions. In the third step, we identify the remaining terms in the
two sides of (8).
Step 1. A summand µ of ∑
T∈G0,n
ξT ∗
 ∏
v∈V (T )
1
ψh(v) − 1

consists of a stratum identifying a rooted tree T , and supporting a monomial of the form∏
v∈V (T ) ψ
kv
h(v) (ignoring the sign, which is irrelevant to this part of the argument). The pull-
back pi∗n(µ) can be expressed as supported on strata corresponding to trees obtained by adding
the n-th leaf to one of the vertices of T . Denote Tˆ one of these graphs, and let vˆ be the vertex
of Tˆ to which the n-th leaf is incident. The contribution of the graph Tˆ in pi∗n(µ) is
ξ
Tˆ ∗
pi∗n (ψkvˆh(vˆ))∏
v 6=vˆ
ψkv
h(v)
 ,(9)
where pin denotes the forgetful morphism pin : M0,val(vˆ) →M0,val(vˆ)−1. Using the relation
(10) pi∗n
(
ψkvˆ
h(vˆ)
)
= ψkvˆ
h(vˆ) − pi
∗
n
(
ψkvˆ−1
h(vˆ)
)
Im
(
σh(vˆ)
)
,
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µ1 = −
3 8
vˆ
2
1
r
4
5 6
7
ψ
ψ , µ2 =
3 8
vˆ
2
1
r
4
5 6
7
ψ
, µ3 =
8 3
vˆ
2
1
r
4
5 6
7
ψ
Figure 4. An illustration of Step 2 in the proof of Lemma 4. Three terms that
share the same complement of T0, colored red. In µ2, the vertex vˆ is trivalent
and external in T0. As proven in Lemma 3, the sum of the other two terms is
µ1 + µ3 = 0.
where σh(vˆ) : M0,val(vˆ)−1 →M0,val(vˆ) is the h(vˆ)-th section, one can further decompose (9) as
a sum of two terms, one corresponding to the graph Tˆ , and one to a new graph obtained from
Tˆ by attaching the n-th leaf at an interior point of the edge containing the half-edge h(vˆ). In
both cases, the resulting graph belongs to Gne0,n+1, and it is decorated by powers of ψ classes
at half-edges of type h(v).
Step 2. A summand µ on the right-hand side of (8) consists of a graph T ∈ Gne0,n+1 and a
monomial of the form (−1)|V (T )|
∏
v∈V (T ) ψ
kv
h(v). For any such term µ, denote by vˆ the vertex
to which the n-th leaf is incident, and by T0 the maximal subtree containing vˆ such that each
vertex of T0 supports a power of a ψ class of top degree. Note in particular that T0 = ∅ if
and only if ψh(vˆ) does not have degree val(vˆ)− 3. We now fix a monomial µ
′ with T0 6= ∅, and
restrict our attention to all monomials µ that agree with µ′ when restricted to the complement
of (their corresponding) T0. Applying Lemma 3 to the sum of these terms, we obtain that the
only summands that survive are those where vˆ is trivalent and external in T0. See Figure 4.
Step 3. We now turn our attention to each remaining term in the right-hand side of (8), and
realize it as arising in a unique way in the expansion of the left-hand side described in Step 1.
There are two separate cases to consider, illustrated in Figure 5.
For a term µ corresponding to a pair
(
T, (−1)|V (T )|
∏
v∈V (T ) ψ
kv
h(v)
)
such that T0 = ∅,
it must be that val(vˆ) ≥ 4 and kvˆ < val(vˆ) − 3. Then the term µ appears as the first
term in the right-hand side of (10) in the pull-back via pin of the term corresponding to(
piGn (T ), (−1)
|V (piGn (T ))|
∏
v∈V (piGn (T ))
ψkv
h(v)
)
.
Fix a term µ corresponding to
(
T, (−1)|V (T )|
∏
v∈V (T ) ψ
kv
h(v)
)
where T0 6= ∅. After Step 2, vˆ
is trivalent and external in T0. Denote by v
◦ the vertex adjacent to vˆ via the edge not containg
h(vˆ) (in other words, the next vertex after vˆ moving away from the root). Since v◦ 6∈ T0, it must
be that kv◦ < val(v
◦)−3. Then the term µ appears as the second term in the right-hand side of
(10) in the pull-back of the term corresponding to
(
piGn (T ), (−1)
|V (piGn (T ))|ψ
kv◦+1
h(v◦)
∏
v 6=v◦ ψ
kv
h(v)
)
.
The statement thus follows by induction on n. 
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3 4
2
1
r 5
6 7
8
vˆ
ψ
←−p
3 4
2
1
r 5
6
7
vˆ
ψ
3 8
2
1
r 4
5 6
7
vˆ
v◦
ψ
←−p
3
2
1
r 4
5 6
7
v◦
ψ2
Figure 5. The two cases in Step 3 of Lemma 4. The terms on the left arise
from the pull-back of the terms on the right.
We conclude this section with one more combinatorial identity which will be used in the
proof of Theorem 1. Let B0,n+1 ⊂ G0,n+1 be the set of trees defined recursively as
B0,4 =
(
piG3
)−1
(G0,3) ,
B0,n+1 =
(
piGn
)−1(
B0,n ∪
n−2⋃
i=1
(
Im
(
σGi
)
· B0,n
))
, for n ≥ 4.
Here, Im
(
σGi
)
· B0,n is the set of stable graphs obtained by letting the (n − 1)-st leaf collide
with a leaf different than r of a graph in B0,n. Note that the (n− 1)-st leaf of a graph in B0,n
is never attached to a trivalent vertex.
Informally, B0,n+1 contains graphs that are obtained from graphs in B0,n by either directly
adding the n-th leaf to a vertex, or by first “pulling out” the (n − 1)-st leaf and one other
non-root leaf adjacent to the same vertex to a trivalent external vertex, and then adding the
n-th leaf to any vertex of this new graph.
Proposition 3. For n ≥ 3, one has
∑
T∈Gne0,n+1
ξT ∗
 ∏
v∈V (T )
1
ψh(v) − 1
 = ∑
T∈B0,n+1
ξT ∗
(
(−1)|V (T )|
)
.(11)
Proof. We prove the statement by recursion. The case n = 3 follows from Lemma 3. For the
recursion, we consider the pull-back of (11) via pin. By the definition of B0,n+1, we have∑
T∈B0,n+1
ξT ∗
(
(−1)|V (T )|
)
= pi∗n
 ∑
T∈B0,n
ξT ∗
(
(−1)|V (T )|
)
− pi∗n
n−2∑
i=1
Im(σi) ·
 ∑
T∈B0,n
ξT ∗
(
(−1)|V (T )|
) .
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On the other hand, we have
∑
T∈Gne0,n+1
ξT ∗
 ∏
h∈V (T )
1
ψh(v) − 1
 = pi∗n
 ∑
T∈G0,n
ξT ∗
 ∏
h∈V (T )
1
ψh(v) − 1

= pi∗n
 ∑
T∈Gne0,n
ξT ∗
 ∏
h∈V (T )
1
ψh(v) − 1

− pi∗n
n−2∑
i=1
Im(σi) ·
 ∑
T∈Gne0,n
ξT ∗
 ∏
h∈V (T )
1
ψh(v) − 1
 .
We have used Lemma 4 for the first equality. The second equality follows from the identity
G0,n = G
ne
0,n ∪
n−2⋃
i=1
(
Im(σGi ) ·G
ne
0,n
)
,
where Im(σGi ) ·G
ne
0,n = σ
G
i (G0,n−1). By recursion, we have∑
T∈Gne0,n
ξT ∗
 ∏
h∈V (T )
1
ψh(v) − 1
 = ∑
T∈B0,n
ξT ∗
(
(−1)|V (T )|
)
.
The statement thus follows. 
5. The formula in compact type
In this section, we prove Theorem 1, that is, the class of the closure Hypct2,n of Hyp2,n in
Mct2,n is the degree n component of the following class:
(12)
∑
Γ∈Gct2,n
1
|Aut(Γ)|
ξΓ∗
 n∑
j=0
j!
 n∏
i=1
(1 + 3ωi)
∏
v∈V (Γ)
e−tλ
∏
e=(h,h′)∈E1(Γ)
1− et(ψh+ψh′ )
ψh + ψh′
∏
e=(h,h′)∈E2(Γ)
1
ψh − (1 + 3ωh′)

tj
 ,
where:
• E1(Γ) denotes the set of edges of Γ that separate Γ in two connected subgraphs of
genus one;
• E2(Γ) denotes the set of edges of Γ that separate Γ in a subgraph of genus two and a
rational subgraph;
• (h, h′) denotes the pair of half-edges that form a given edge e. When e ∈ E2(Γ), we
define h to be the half-edge that points towards the subgraph of genus two. 3
A few remarks before the proof.
3The edge e is incident to a rational vertex v corresponding to a rational tail: if we think of such rational
vertex as part of a rooted tree, then h is the half-edge h(v) from §4.
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Remark 2. Inside the push-forward ξΓ∗ in the above formula, the factor
1
ψh − (1 + 3ωh′)
relative to (h, h′) ∈ E2(Γ) is interpreted formally as
(13)
1
ψh − (1 + 3ωh′)
= −
1
1 + 3ωh′
·
1
1−
ψh
1 + 3ωh′
= −
1
1 + 3ωh′
·
∞∑
k=0
(
ψh
1 + 3ωh′
)k
.
This expression should still raise eyebrows because of the class ωh′ at the denominator. But
consider a rational tail T of Γ as a rooted tree attached to the core C(Γ) via an edge e = (r, r′),
with r incident to T . From §1.2, for all edges (resp. legs) of T , ωh′ (resp. ωi) coincides with
ωr′ . Hence the expression
n∏
i=1
(1 + 3ωi)
∏
(h,h′)∈E2(T )
1
ψh − (1 + 3ωh′)
as expanded in (13) is a polynomial in ωr′ and the classes ψh.
Remark 3. Formula (12) is an extension of the formula in Proposition 2. For a graph Γ ∈
Gct2,n with no rational tails, it follows from the recursive description of the class
[
Hypct2,n
]
in (14) that the contribution of Γ to (12) is equal to the contribution of Γ to the product
ρ∗1(
[
Hyp2,1
]
) · · · ρ∗n(
[
Hyp2,1
]
), which is computed in Proposition 2.
Remark 4. An alternative formula for Hypct2,n indexed by graphs of rational tails is the degree
n part of∑
Γ∈Grt2,n
1
|Aut(Γ)|
n−|E2(Γ)|∑
j=0
ξΓ∗
 n∏
i=1
(1 + 3ωi)
∏
(h,h′)∈E2(Γ)
1
ψh − (1 + 3ωh′)
 · (−λ− δ1)j .
This follows from formula (4) applied to compute the powers (−λ − δ1)
j. Here the class δ1
denotes the pull-back of the class δ1 via the forgetful map M2,n →M2.
Proof of Theorem 1. When n = 1, the formula recovers the class[
Hypct2,1
]
= 3ω − λ− δ1
computed in [EH, Theorem 2.2] — in fact, the right-hand side represents also the class[
Hyp2,1
]
∈ A1(M2,1). Suppose then the statement is true for n − 1. In order to compute
the class of Hypct2,n, we restrict to compact type the recursion in Proposition 1, to obtain:
(14)
[
Hypct2,n
]
= pi∗n
[
Hypct2,n−1
]
· ρ∗n
[
Hypct2,1
]
−
n−1∑
i=1
σi∗
[
Hypct2,n−1
]
.
We now analyze three separate cases. In Step 1 we check the formula for graphs where the
n-th leg is not attached to a rational tail. In Step 2 we prove the formula holds for graphs
where the n-th leg is attached to an external, trivalent, rational vertex. In Step 3 we check the
remaining cases, i.e. when the n-th leg is attached to an external, rational subtree in Gne0,m+1,
for some m ≤ n (recall the definition of Gne0,m+1 from §4).
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Step 1. Define the partial order ≤1 on G
ct
2,n as follows: Γ
′ ≤1 Γ if Γ is the graph obtained
from Γ′ by contracting some edges in E1(Γ
′). Observe that graphs of rational tails type are
maximal in this partial order, and that for every Γ′ ∈ Gct2,n, there is a unique Γ ∈ G
rt
2,n with
Γ′ ≤1 Γ, obtained by contracting all edges in E1(Γ
′).
Fix Γ ∈ Grt2,n such that the leg n is not attached to a rational tail. Therefore, the leg n is
not incident to a vertex part of a rational tail for all Γ′ ∈ Gct2,n with Γ
′ ≤1 Γ. The contribution
to the right-hand side of (14) of any Γ′ ∈ Gct2,n with Γ
′ ≤1 Γ coincides with the contribution of
Γ′ to
pi∗n(
[
Hypct2,n−1
]
) · ρ∗n(
[
Hypct2,1
]
).
By Remark 4, such contribution equals the contribution of Γ′ to
1
|Aut(Γ)|
n−1∑
j=0
ξΓ∗
n−1∏
i=1
(1 + 3ωi)
∏
(h,h′)∈E2(Γ)
1
ψh − (1 + 3ωh′)
 · (−λ− δ1)j · (3ωn − λ− δ1).
We are using that pi∗n(ξΓ∗(ψh)) = ξΓ∗(ψh) for all (h, h
′) ∈ E2(Γ), from the assumption on the
leg n. The degree n part of the above formula coincides with the degree n part of the following
1
|Aut(Γ)|
n∑
j=0
ξΓ∗
 n∏
i=1
(1 + 3ωi)
∏
(h,h′)∈E2(Γ)
1
ψh − (1 + 3ωh′)
 · (−λ− δ1)j.
Hence, again by Remark 4, the contribution of Γ′ is verified, for all Γ′ ≤1 Γ.
Step 2. Fix Γ ∈ G˜2,n such that the legs n and j are the only two legs incident to an external
vertex v0 of a rational tail, for some j ∈ {1, . . . , n − 1}. That is, Im(ξΓ) ⊆ ∆0,{j,n}, for some
j ∈ {1, . . . , n− 1}. Let e0 = (h0, h
′
0) be the unique edge incident to v0. The contribution of Γ
to the right-hand side of (14) is equal to the contribution of Γ to
−σj∗
(
Hypct2,n−1
)
and by the recursive assumption this equals the degree n part of
(15) −
1
|Aut(Γ)|
ξΓ∗
 n∑
j=0
j!
n−1∏
i=1
(1 + 3ωi)
∏
v∈V (Γ)
e−tλ
∏
e=(h,h′)∈E1(Γ)
1− et(ψh+ψh′ )
ψh + ψh′
∏
e 6=e0∈E2(Γ)
1
ψh − (1 + 3ωh′)

tj
 .
Since ψh0 = 0, we have
(1 + 3ωn) ·
1
ψh0 − (1 + 3ωh′0)
= −1.
Hence, (15) and the contribution of Γ to (12) coincide.
Step 3. We analyze the contributions of all graphs with the leg n incident to a rational tail
T . After Step 2, we may assume that T ∈ Gne0,m+1, for some m ≤ n. The contribution of any
such graph to the right-hand side of (14) is equal to its contribution to
pi∗n(
[
Hypct2,n−1
]
) · ρ∗n(
[
Hypct2,1
]
).
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We therefore fix Γ a graph of rational tail type, and use the expression from Remark 4 to prove
that the contributions are correct for all Γ′ ≤1 Γ.
If T denotes the maximal rational subtree of Γ to which the leg n is attached, denote by G
the graph obtained by removing T from Γ. We do this by cutting the edge connecting T to G
into two half-edges r and r′, with r incident to T , and r′ incident to a vertex of genus 2 in G.
Denote by G the set of all graphs Γ = T
⋃
e=(r,r′)G, where G is fixed and T varies among all
graphs in Gne0,m+1. From Proposition 3 and Remark 2, we have∑
T∈Gne0,m+1
1
|Aut(Γ)|
ξΓ∗
 n∏
i=1
(1 + 3ωi)
∏
(h,h′)∈E2(Γ)
1
ψh − (1 + 3ωh′)

=
∑
T∈Gne0,m+1
1
|Aut(Γ)|
ξΓ∗
 n∏
i=1
(1 + 3ωi)
∏
v∈V (T )
1
ψh(v) − (1 + 3ωr′)
∏
(h,h′)∈E2(Γ)
1
ψh − (1 + 3ωh′)

=
∑
T∈B0,m+1
(−1)|V (T )|
|Aut(Γ)|
ξΓ∗
 n∏
i=1
(1 + 3ωi)
∏
v∈V (T )
1
1 + 3ωr′
∏
(h,h′)∈E2(G)
1
ψh − (1 + 3ωh′)
 .
(16)
From (16) and Remark 4, the contribution of a graph Γ in G to (12) is
(−1)|V (T )|
|Aut(Γ)|
n∑
j=0
ξΓ∗
 n∏
i=1
(1 + 3ωi)
∏
v∈V (T )
1
1 + 3ωr′
∏
(h,h′)∈E2(G)
1
ψh − (1 + 3ωh′)
 · (−λ− δ1)j .
(17)
On the other hand, using (16) and Remark 4 for the class of Hypct2,n−1, the contribution of a
graph Γ in G to pi∗n(
[
Hypct2,n−1
]
) · ρ∗n(
[
Hypct2,1
]
) equals
(18)
(−1)|V (T )|
|Aut(Γ)|
n−1∑
j=0
ξΓ∗
n−1∏
i=1
(1 + 3ωi)
∏
v∈V (T )
1
1 + 3ωr′
∏
(h,h′)∈E2(G)
1
ψh − (1 + 3ωh′)

· (−λ− δ1)
j · (3ωn − λ− δ1).
Note that pi∗n(ψh) = ψh for all (h, h
′) ∈ E2(G), since the leg n is incident to T . The degree n
part of (17) and (18) coincide. This concludes the proof of Theorem 1. 
6. The closure beyond compact type
In this section we complete the computation of the classes of the loci Hyp2,n by describing
the contributions of decorated boundary strata classes of non-compact type. As in the study
of the contributions of decorated boundary strata classes of compact type in §5, we use the
recursive description from Proposition 1.
6.1. The classes Φi and Γi,j. Recall the classes Φi and Γi,j defined in §2. Define
ΦΓn :=
∑
i
Φi +
∑
i<j
Γi,j.(19)
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Our first aim is to find an explicit expression for the class ΦΓn.
Let H1,±∪I be the locus of elliptic curves with marked points p+, p− and pi for i ∈ I such
that 2pi ∼ p+ + p−, for all i ∈ I. For I ⊂ [n], let
ϕ : M1,±∪I ×M0,±∪Ic →M2,[n]
be the glueing map identifying the points p+ together, and the points p− together. Given
A ∈ A∗(M1,±∪I) and B ∈ A
∗(M0,±∪Ic), let
A⊠B := pi∗1(A) · pi
∗
2(B) ∈ A
∗(M1,±∪I ×M0,±∪Ic),
where pi1 : M1,±∪I ×M0,±∪Ic →M1,±∪I and pi2 : M1,±∪I ×M0,±∪Ic →M0,±∪Ic are the two
projections. By definition, the first description of the classes Φi and Γi,j is the following one.
Lemma 5. One has
Φi =
1
2
ϕ∗
([
H1,±∪{i,n}c
]
⊠
i
n−
+
)
,
Γi,j =
1
2
ϕ∗
[H1,±∪{i,j,n}c]⊠
 +
j
i
n
−
+
+
i
j
n
−

 .
For I ⊂ [n], let
[
Hyp2,I
]
be the pull-back of the class of the closure of the locus of genus
two curves with |I| marked Weierstrass points via the forgetful map M2,[n] →M2,I .
The following Theorem expresses the classes Φi and Γi,j as a linear combination of classes
of type
[
Hyp2,I
]
with boundary strata classes as coefficients.
Theorem 3. For n ≤ 6, one has
ΦΓn =
∑
i∈[n−1]
[
Hyp2,{i,n}c
]
·
n
i
1 −
1
2
∑
i,j∈[n−1]
[
Hyp2,{i,j,n}c
]
· 1
j
i
n
+
1
2
∑
i,j,k∈[n−1]
[
Hyp2,{i,j,k,n}c
]
· 1
j
n
i
k
+
1
4
∑
i,j,k,l∈[n−1]
[
Hyp2,{i,j,k,l,n}c
]
·
 1
l
k
j
i
n
− 3 1
k
j
n
i
l

+
1
4
∑
i,j,k,l,m∈[n−1]
3 1
k j
n
i
ml
− 1
m l
k
ji
n
 .
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In the above formula, we use the following convention on graphs. For simplicity, all graphs in
the statement are drawn with six legs. All unmarked legs are attached to the elliptic vertex. If
n < 6, one drops the appropriate number of legs attached to the elliptic vertex, and truncates
the formula ignoring the part where the rational components all together contain more than
n legs. For each graph, one distributes the remaining markings to the legs attached to the
elliptic vertex (up to isomorphism, there is a unique way to do this).
Proof. The following identity
(20)
[
Hyp2,{i,n}c
]
·
n
i
1 =
1
2
ϕ∗
([
H1,±∪{i,n}c
]
⊠
i
n−
+
)
+
∑
j
ϕ∗
[H1,±∪{i,j,n}c]⊠ +
j
i
n
−
+∑
j<k
ϕ∗
[H1,±∪{i,j,k,n}c]⊠ +
k
j
in
−

can be verified by using the space of admissible covers to study the intersection on the left-hand
side. Indeed, there are three types of components in the intersection. On the right-hand side,
the first summand coincides with the case when all points with labels in {i, n}c lie on a smooth
elliptic component. The second summand coincides with the case when one of the points with
labels in {i, n}c collides towards one of the two singular points on the elliptic component; the
resulting stable curves (are stably equivalent to curves which) admit an admissible double
cover ramified at all points with labels in {i, n}c. Finally, the third summand arises when
two of the points with labels in {i, n}c collide towards one of the two singular points on the
elliptic component. The intersection is transversal along the first type of component and has
multiplicity 2 along the other components (each singular point gives one contribution). On the
other hand, all glueing maps ϕ have degree 2. This explains the coefficients in the identity.
Using Lemma 5 to express the classes Φi and (20), we have
ΦΓn =
∑
i∈[n−1]
[
Hyp2,{i,n}c
]
·
n
i
1 −
∑
i,j
ϕ∗
[H1,±∪{i,j,n}c]⊠ +
j
i
n
−

−
∑
i
j<k
ϕ∗
[H1,±∪{i,j,k,n}c]⊠ +
k
j
in
−
+∑
i<j
Γi,j.
Using in addition Lemma 5 to express the classes Γi,j, we have
ΦΓn =
∑
i∈[n−1]
[
Hyp2,{i,n}c
]
·
n
i
1
−
1
2
∑
i,j
ϕ∗
[H1,±∪{i,j,n}c]⊠ +
j
i
n
−
−∑
i
j<k
ϕ∗
[H1,±∪{i,j,k,n}c]⊠ +
k
j
in
−
 .(21)
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The first summand on the right-hand side matches the first contribution to the formula for
ΦΓn in Theorem 3. In the following we will thus focus on the remaining summands (21). The
identity
∑
i,j
[
Hyp2,{i,j,n}c
]
· 1
j
i
n
=
∑
i,j
ϕ∗
[H1,±∪{i,j,n}c]⊠ +
j
i
n
−

+
∑
i,j,k
ϕ∗
[H1,±∪{i,j,k,n}c]⊠
 +
k
j
in
−
+
+
j
i
n
k
−


+
∑
i,j
k<l
ϕ∗
[H1,±∪{i,j,k,l,n}c]⊠

+
l
k
j−
n i
+
+
j
i
n
k−
l


follows from the study of the intersection on the right-hand side via the space of admissible
covers, and the argument to prove it is similar to the one used for (20). Using the identity,
(21) becomes
−
1
2
∑
i,j
[
Hyp2,{i,j,n}c
]
· 1
j
i
n
+
1
2
∑
i,j,k
ϕ∗
[H1,±∪{i,j,k,n}c]⊠ +
j
i
n
k
−
(22)
+
1
4
∑
i,j,k,l
ϕ∗
[H1,±∪{i,j,k,l,n}c]⊠

+
l
k
j−
n i
+
+
j
i
n
k−
l

 .(23)
The first summand matches the second contribution in the statement of the theorem, hence
we will continue analyzing the expression (22) + (23).
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Using the following identity
∑
i,j,k∈[n−1]
[
Hyp2,{i,j,k,n}c
]
· 1
j
n
i
k
=
∑
i,j,k
ϕ∗
[H1,±∪{i,j,k,n}c]⊠ +
j
i
n
k
−

+
∑
i,j,k,l
ϕ∗
[H1,±∪{i,j,k,l,n}c]⊠

+
l
j
i
n−
k
+
+
j
i
n
k−
l


+
∑
i,j,k
l<m
 1
m l
j
ink
+ 1
m l
k
n
ij

(22) + (23) becomes
1
2
∑
i,j,k∈[n−1]
[
Hyp2,{i,j,k,n}c
]
· 1
j
n
i
k
+
1
4
∑
i,j,k,l
ϕ∗
[H1,±∪{i,j,k,l,n}c]⊠

+
l
k
j−
n i
− 3
+
k
j
i
n−
l

(24)
−
1
2
∑
i,j,k,l,m
1
l k
j
inm
.(25)
The first summand coincide with the third contribution in the statement of the theorem.
Proceeding in a similar fashion, (24) becomes
+
1
4
∑
i,j,k,l∈[n−1]
[
Hyp2,{i,j,k,l,n}c
]
·
 1
l
k
j
i
n
− 3 1
k
j
n
i
l

+
1
4
∑
i,j,k,l,m
2 1
l k
j
inm
− 1
m l
k
ji
n
+ 3 1
k j
i
n
lm
 ,(26)
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and (25) + (26) is
1
4
∑
i,j,k,l,m∈[n−1]
3 1
k j
n
i
ml
− 1
m l
k
ji
n
 .

Remark 5. As a check, the formula for ΦΓn in Theorem 3 verifies for 3 ≤ n ≤ 6 the equality
pin−1∗ (ΦΓn) = (8− n)ΦΓn−1
satisfied by the classes ΦΓn after the formulas in the proof of Proposition 1.
6.2. The contributions of non-compact type. We are now ready to complete the descrip-
tion of the class
[
Hyp2,n
]
. Define
NCTn :=
[
Hyp2,n
]
−
[
Hypct2,n
]
.
Restricting Proposition 1 to A∗(M2,n \M
ct
2,n), one has
NCTn = pi
∗
n(NCTn−1) · (3ωn − λ− δ1)−
∑
i∈[n−1]
σi∗(NCTn−1)−ΦΓn.(27)
This equation and Theorem 3 allow us to recursively compute NCTn. In the following, we
simplify the resulting expressions when n ≤ 5. We use the convention on labelling graphs from
§1.3.
Remark 6. As we have already discussed, for n = 1 one has[
Hyp2,1
]
= 3ω − λ− δ1.
This formula implies that the pull-back of
[
Hyp2,1
]
via a forgetful mapM2,n →M2,1 consists of
polynomials in ω and λ classes restricted to strata which meet transversally the locus of curves
of non-compact type inM2,n. The classes ω and λ restrict in a natural way to any stratum in
the moduli space, and the intersection of the supporting strata with strata corresponding to
dual graphs where all edges are non-separating is transversal. Hence the formulas we provide
do not hide any issue of non-transversal/excess intersection. In the following, we express
NCT3,NCT4, and NCT5 as linear combinations of intersections of compact-type hyperelliptic
classes, polynomials in (λ+ δ) and boundary strata classes.
Remark 7. When n = 2, the class ΦΓ2 is supported on a single boundary stratum, and we
have
NCT2 = −ΦΓ2 = − 1 .(28)
The resulting expression for
[
Hyp2,2
]
is equivalent to the one first computed in [Tar].
Corollary 1. When n = 3, we have
NCT3 = −
∑
i∈[3]
[
Hyp2,{i}
]
· 1
i
+(λ+ δ1) · 1 + 1 + 1 .
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Proof. From the recursion, we have
NCT3 = pi
∗
3(NCT2) · (3ω3 − λ− δ1)−
∑
i∈[2]
σi∗(NCT2)−ΦΓ3
= −
[
Hyp2,{3}
]
· 1
3
+ (λ+ δ1) · 1
+
3
1 − ΦΓ3.
After Theorem 3, ΦΓ3 is
ΦΓ3 =
∑
i∈[2]
[
Hyp2,{i}
]
·
3
1
i
−
1
2
1
3
.
The equivalence in A3
(
M2,3
)
1
2
 1
2
1
3
+ 1
1
2
3
 =
3
2
1
1 +
2
1
3
1 ,(29)
is obtained as a pullback via pi3 of the WDVV relations pushed forward from M0,4. Applying
(29) one can write NCT3 as the symmetric expression in the statement. 
The following statement concludes the proof of Theorem 2.
Corollary 2. When n = 4, we have
NCT4 = −
∑
i<j≤4
[
Hypct2,{i,j}
]
· 1
i
j
+
∑
i∈[4]
[
Hyp2,{i}
]
·
(λ+ δ1) · 1i + 1
i
+
1
i 
−(λ+ δ1)
2 · 1 − (λ+ δ1) ·
 1 + 1 + 1 + 1

−
1
−
1
+ .
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Proof. Theorem 3 for n = 4 gives
ΦΓ4 =
∑
i∈[3]
[
Hyp2,{i,4}c
]
·
4
i
1 −
1
2
∑
i,j,k∈[3]
[
Hyp2,{k}
]
· 1
k
j
i
4
+ 1
4
.
From the pull-back of (28), we have[
Hyp2,{i,4}c
]
=
[
Hypct2,{i,4}c
]
− 1
i
4
−
i
1
4
−
4
1
i
− 1 .
Hence
[
Hyp2,{i,4}c
]
·
4
i
1 =
[
Hypct2,{i,4}c
]
·
4
i
1 − 1
i
4
−ψ
− 1
i
4
−ψ
−
4
i
− 1
4
i
.
The following relation is analogous to (29):
1
2
 1
j
i
4
+ 1
i
j
4
 =
4
j
i
1 +
j
i
4
1 .
We also use the following relations in A4
(
M2,4
)
:
1
i
4
−ψ
= (−λ− δ1) · 1
i
4
,(30)
1
4
ψ
+
4
1
= 4
1
+
4
1
+
4
1
,(31)
and obtain the symmetric expression in the statement. Relation (30) is obtained using the
fact that ψ = λ on M1,1, and then expressing ψ on M1,2 as the pull-back of ψ on M1,1 plus a
section. Relation (31) is obtained by pushing-forward two different boundary expressions for
a ψ class on M0,5. 
Proof of Theorem 2. The graphs appearing in the above expression for NCTn when n ≤ 4
coincide with the graphs in G˜2,n. As the decorations match the degree n component of the
formula in Theorem 2, the statement follows. 
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Theorem 3 and (27) determine explicit expressions for the classes NCTn also when n = 5, 6.
When n = 5, we simplify the resulting expression by means of tautological relations similar to
the ones used for n ≤ 4. We obtain the following formula.
Corollary 3. NCT5 is equal to
−
∑
i<j≤5
[
Hypct2,{i,j}c
]
ji
1
+
∑
i<j≤5
[
Hypct2,{i,j}
](λ+ δ1) 1
ji
+
1
ji
+
1
ji

−
∑
i∈[5]
[
Hypct2,{i}
]+(λ+ δ1)2
1
i
+ (λ+ δ1)
 1
i
+
1
i
+
1
i
+
1
i

+
1
i
+
1
i
− i
−
(λ+ δ1) + +

+ (λ+ δ1)
3
1
+ (λ+ δ1)
2
 1 + 1 + 1 + 1 + 1

+ (λ+ δ1)
 1 + 1 + 1
5
ψ
+
5
1
+
5
1
− 1
5
+
1
+
1
+
5
1
+
5
1
+
5
1
+ 5
1

−
1
4
1
5
+
3
4
1
5
+ 1
5
ψ
+ 1
5
ψ
− 1
5
− 1
5
+
5
1
+
5
1
+
5
1
+
5
1 +
5
1 .
We have not fully symmetrized the formula for NCT5 with respect to the five markings.
However, we know that the formula must represent a symmetric class. Hence, the intersection
of the formula with classes of complementary dimension should not depend on the distribution
of the markings. As a check, we have verified that this occurs in a number of cases. For
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instance, the expression in the last two lines of the formula has zero intersection with both
classes
λ
3
2
1
1
5
4
and λ
5
2
1
1
3
4
.
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